Abstract. We prove failure of a.e. convergence of partial sums of Laguerre
Introduction
Let L a n (x) denote the nth Laguerre polynomial of order a > −1 [Sz, p. 101] . For any p, 1 ≤ p ≤ ∞, and h in L p (x a e −x dx) (all Lebesgue spaces we consider live on (0, ∞) and dx denotes the Lebesgue measure there) we associate to h its Laguerre polynomial series
provided the coefficients b n = Γ(n + 1) Γ(n + a + 1)
exist (this is the case when 1 < p ≤ ∞). It is known, [Sz, p. 261(6) ], that for a > −1/2 the Laguerre polynomial series of the function
2a+3 , whose Laguerre polynomial series is divergent everywhere. In fact, more can be said. For any a and p, a > −1, 1 ≤ p < 2, there is a function in L p (x a e −x dx) whose Laguerre polynomial series diverges everywhere. Such is the function e cx , 1 2 < c < 1 p whose Laguerre polynomial series is even not summable in the Abel sense for every x > 0. This example was furnished by Pollard [Po] .
On the other hand, it is also known that for any a > −1 the Laguerre polynomial
e. This follows from Muckenhoupt's equiconvergence theorem [M] and the celebrated Carleson's result on a.e. convergence of partial sums of Fourier series.
The result
We will be concerned with the a.e. convergence problem of expansions with respect to the system of Laguerre functions
exist (this is the case when a ≥ 0 and 1 ≤ p ≤ ∞ or −1 < a < 0 and (1 + a/2) 
, and its Laguerre series (2.1) diverges for every x > 0.
Our result almost clarifies the situation on the right of the interval (4/3, 4). 
Here τ n ∼ σ n means that C −1 ≤ τ n /σ n ≤ C for a constant C > 0. An immediate consequence of Hölder's inequality and (2.3) is, that for a and p such that a ≥ 0 and 1 ≤ p ≤ ∞ or −1 < a < 0 and (1 + a/2)
and c n 's given by (2.2) we have
(we are slightly generous here since, in fact, there are better estimates:
Note, that if, in addition to these assumptions on a and p, we further restrict p to p < 4, then Hölder's inequality and (2.3) give c n = o(n 1/4 ). We include the proof of the next lemma for the sake of completeness. Proof. By assumption, lim n→∞ c n L a n (x 2 ) = 0 for all x ∈ E 1/2 . Given x in E 1/2 we write Hilb's asymptotic formula, [Sz, 8.22.4] , in the form
The assumption made on c n gives lim n→∞ c n J a (2n 1/2 x) = 0. For the Bessel function J a (t) we have
and again, by using the hypothesis made on c n , we obtain 
